
192 AIAA JOURNAL VOL. 27, NO. 2

Analysis of Structures with Rotating, Flexible Substructures
Applied to Rotorcraft Aeroelasticity
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and
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The General Rotorcraft Aeromechanical Stability Program (GRASP) was developed to perform aeroelastic
stability analyses of rotorcraft in steady, axial flight and ground contact conditions. In order to attain the
desired level of modeling flexibility and the ability to analyze structures with rotating parts, GRASP has
implemented a new method of dynamic structural analysis that combines the finite-element method with
multibody dynamics. This method calls for a structure to be decomposed into a hierarchy of substructures, so
that discrete relative motion between substructures can be treated exactly. Substructures are modeled using
frames of reference, nodes, constraints, and finite elements. The library of finite elements allows a variety of
rigid and deformable elements to be included in the analysis. In this paper, the theoretical basis for the
implementation of the method is presented, as well as examples of the derivations of element and constraint
equations taken from GRASP.

Nomenclature
b - basis vector
C - direction cosine array or damping matrix
e = unit vector or eliminated generalized coordinates
F = current frame of reference
G - geometric
g - general constraint relationship function
I = inertial frame of reference
K = stiffness matrix
L - linear operator
M = mass matrix
N = number of
Q - generalized force
q = generalized coordinate
R - position
r = retained generalized coordinates
5 = parent frame of reference
A = the identity matrix
6 = variation of
6 W = virtual work
d\// = virtual rotation
e = Levi-Civita symbol
0 = magnitude of Euler rotation or components of a

small rotation
<t> = Euler-Rodrigues parameters

Conventions
a = the Gibbsian vector named a
a = the unit vector a
a = the steady-state value of a
a - the perturbation value of a
a = the associated skew symmetric matrix for the

vector a
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a' = a after steady-state deformation
a" -a after steady-state deformation and perturbation
abc = the a associated with b relative to c
aT - the transpose of the matrix a
ab. = the /th component of the vector a in the b basis
a'i = the /th component of the vector a or the /th

instance of the quantity a
a x b = vector cross product of a and b

Introduction

OVER the years, rotorcraft aeroelastic stability analyses
developed for research purposes have evolved from sim-

ple models1 that were designed to investigate a limited range of
physical phenomena into more complex models2'4 that were
intended to accurately represent modern rotorcraft configura-
tions. At the same time, large, sophisticated, rotorcraft simu-
lation programs5'8 that included many features not present in
the research codes were being developed to solve a variety of
rotorcraft problems. These programs made significant contri-
butions to the understanding of rotorcraft modeling but, as
discussed in Ref. 9, they were not designed with rotorcraft
stability as their primary application. Neither do they possess
the depth, generality, and modeling flexibility needed to han-
dle the full range of rotorcraft configurations.

Against this background, a requirement emerged for an
analysis program that was specifically designed to calculate
the aeroelastic stability of rotorcraft and that possessed the
modeling capabilities necessary to handle a wide range of
configurations. Such a program should be capable of handling
large and small problems without artificial size limitations or
excessive overhead. It should assemble its models from a
library of finite elements in order to assure modeling flexibil-
ity. In addition, it must be capable of coupling rotating struc-
tures to nonrotating structures. The methodology used to
develop such a program is described in Ref. 10. Research in
spacecraft dynamics has provided the basis for this methodol-
ogy, which incorporates body flexibility with the large, dis-
crete motions previously available only in multibody pro-
grams.11 The concept underlying the methodology is that a
structure is modeled as a collection of substructures that may
undergo discrete motions relative to one another. The sub-
structures themselves are deformable, elastic continua which
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may be represented by finite elements. Thus, the powerful
modeling capabilities available in finite-element methods are
combined with the capability of allowing large discrete mo-
tions between substructures.

The General Rotorcraft Aeromechanical Stability Program
(GRASP) was developed using the methodology from Ref. 10.
The initial version of GRASP was designed specifically for the
purpose of calculating the aeromechanical stability of rotor-
craft in axial flight and ground contact. Configurations or
conditions that would result in periodic or otherwise time-
dependent motion are not currently supported. GRASP con-
tains libraries for finite elements and constraints from which
structural models are built. In addition, it contains a library of
solution methods that, in the initial version, includes a steady-
state solution and an eigensolution. The steady-state solution
is one in which the deformations within each material contin-
uum of the structure remain constant, although there may be
discrete motions between the material continua. The eigen-
problem solution is one in which the deformations within each
material continuum are perturbed from a constant (typically
steady-state) condition. Eigenvalues and eigenvectors are ob-
tained from the linearized, perturbation equations. Expansion
of these capabilities to other flight regimes can be accom-
plished by adding solutions to the library.

The primary intent of this paper is to demonstrate how the
methodology described in Ref. 10 can be implemented in a
rotor craft aeroelasticity analysis. In so doing, several of the
more powerful features included in GRASP are used as exam-
ples. A complete presentation of all of the equations for every
feature in GRASP is unnecessary for the purposes of this
paper, but may be found in the GRASP Theoretical Manual.12

Substructuring
The methodology presented in Ref. 10 is based on the

decomposition of a structure into substructures. If discrete
motion, such as the rotation of a helicopter rotor, is to be
allowed in the structure, then that motion must occur only
between substructures (e.g., the rotor and fuselage of a heli-
copter must be in separate substructures). The concept of
substructuring can be extended by creating a hierarchical col-
lection of substructures. That is, the structure is decomposed
into substructures, which in turn are decomposed into
(sub-)substructures (from here on, sub-substructures will sim-
ply be referred to as substructures) and so on. The process is
continued until all of the lowest-level substructures are simple
finite elements. Decomposing a structure into a hierarchy of
substructures provides great flexibility in the way that a struc-
ture can be modeled, and provides a powerful organizational
tool for structural modeling. In addition to isolating discrete
motions within a structure, hierarchical substructuring can be
used to separate physical components, to provide a logical
separation of substructures by function, to isolate components
that will be involved in parametric studies, and to allow natu-
ral coordinatization of components.

The hierarchical organization of substructures has been in-
corporated in GRASP and is implemented as a tree informa-
tion structure.13 The root of the tree corresponds to the com-
plete structure with all of the dependent degrees of freedom
removed. The root has only one child, which also represents
the complete structure and may include some dependent de-
grees of freedom that have not been constrained. From this
point, the tree branches out into substructures that then
branch out into other substructures until, at the most detailed
level (often called the leaves of the tree), each substructure
may be modeled by a single finite element. In GRASP, the
relationships among the substructures in the tree are estab-
lished by defining the substructures in preorder13 and specify-
ing the identity of the parent substructure within the definition
of the substructure. It is important to emphasize that each
substructure is a subset of its parent, not a branch of it. Thus,
the topology of the structure is not restricted to tree configura-
tions.

In order to avoid any confusion between the subsets of the
physical structure (substructures) and the collection of data
structures that are used to represent the substructures,
GRASP uses the term subsystem to refer to an abstract repre-
sentation of a substructure. In general, a subsystem is com-
posed of a frame of reference, a set of nodes, a set of general-
ized coordinates, a set of constraints, and a set of subsystems
(some of which are finite elements). The frame of reference is
used to keep track of the discrete motion of the substructure
relative to its parent, while the nodes represent discrete physi-
cal points in the substructure. Those degrees of freedom not
associated with a frame or a node are contained in the set of
generalized coordinates. The constraints extract the indepen-
dent generalized coordinates associated with substructure
from the collection of all substructure generalized coordi-
nates.

In addition to the subsystem that contains the data describ-
ing the characteristics of each substructure, every substructure
also has associated with it a state vector, a residual vector, and
a set of mass, damping, and stiffness matrices. The compo-
nents of these arrays correspond to the generalized coordi-
nates of the subsystem. This includes the frame and node
degrees of freedom and the generalized coordinates not associ-
ated with any frame or node. When the subsystem constraints
are applied, only the independent generalized coordinates re-
main. The independent generalized coordinates for the subsys-
tem then become part of the complete set of generalized
coordinates for its parent subsystem. This process continues
until, at the root, the components of the arrays correspond to
every independent generalized coordinate in the root subsys-
tem.

Hierarchical substructuring, applied in its most general
form, would state that a parent substructure owns everything
that belongs to each of its children. In practice, however,
applying this concept with its full generality would be un-
wieldy, and would entail substantial overhead. In GRASP,
hierarchical substructuring has been implemented such that
only the independent generalized coordinates from a child
subsystem are available to the parent. For nodes, this means
that while the nodal degrees of freedom from the child are
passed to parent, the node itself is not. This poses a difficulty
when, for instance, a node in a child subsystem is constrained
relative to a node in its parent. For a variety of programming
reasons and because constraints are more naturally written in
a single frame of reference, it is desirable to have the con-
straint defined in a single subsystem. The problem is solved by
creating a node in the child, associated with the same physical
region of the material continuum as the node in the parent.
Since there are now two identical nodes and two sets of
generalized coordinates associated with the same set of physi-
cal degrees of freedom, a constraint (called a node demotion
constraint) is now required to eliminate the redundant degrees
of freedom. In GRASP, the entire process of creating an
additional node and its associated node demotion constraint
has been designed to be entirely invisible from outside the
program.

Reference Frames
Since equations of motion based on Newtonian mechanics

are only valid when referred to an inertial frame of reference,
it is essential the there is at least one inertial frame of reference
in every model. GRASP satisfies this requirement by making
the frame of reference for the root subsystem an inertial
frame. Then, if the complete structure is moving at a constant
velocity, acceleration, or angular velocity relative to inertial
space, the motion can be specified as the motion of the refer-
ence frame associated with the child of the root subsystem
relative to the root subsystem frame.

In addition to the frames of reference associated with the
root subsystem and its child, there is a reference frame associ-
ated with every subsystem in the model hierarchy. These sub-
system frames of reference are used to represent the discrete
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motions of the substructures relative to one another. Starting
with the child of the root subsystem, the inertial position and
orientation of the frame of reference associated with its par-
ent, and the position and orientation of the child frame rela-
tive to its parent are known. Given this information, the
inertial position and orientation of the child frame can be
determined by using the appropriate chain rules. In general,

RFI=RFS + RS

CFI = cFSCSI

(la)

(Ib)

Therefore, as the model hierarchy is traversed (starting at the
root), the position and orientation of every subsystem frame
relative to inertial space can be determined.

In a similar manner, the inertial motion of any frame can be
calculated since the inertial motion of the parent frame is
known, and the position and orientation of the child frame
relative to its parent. The chain rules for the calculation of the
inertial motion are

yFI =

AFI = QSI

RFS + ySI

(2a)

(2b)

(2c)

Each frame of reference, including the one for the root
subsystem, introduces six generalized coordinates associated
with the rigid-body motions of the frame. For the steady-state
problem, the translational generalized coordinates are defined
in GRASP to be the measure numbers of the steady-state
position of the frame relative to the reference position of the
frame, expressed in the basis associated with the steady-state
position of the frame R£>.F. The rotational generalized coordi-
nates are defined in CjRASP to be the Euler-Rodrigues
parameters (also called Rodrigues parameters or components
of the Rodrigues vector) for the steady-state orientation of the
frame relative to the undeformed orientation of the frame
</>fF. Euler-Rodrigues parameters were chosen for the rota-
tional generalized coordinates because of the simplicity of
converting them to and from direction cosines, and because
they are free of singularities for rotations up to 180 deg.

The definition of Euler-Rodrigues parameters used in
GRASP differs from the usual definition14 by a factor of 2,

= 2^4, tan- (3)

where a rotation of magnitude 6 occurs about a unit vector e
(an Euler rotation) that carries the frame A into coincidence
with frame B . The direction cosine matrix associated with an
arbitrary set of those Euler-Rodrigues parameters arranged as
a column matrix denoted by </> is

where the tilde is defined as

AIJ = -eijkAk (5)

and the Levi-Civita symbol e/,* is 1 if i,j,k is an even permuta-
tion of 1,2,3; - 1 if i,j,k is an odd permutation of 1,2,3,; and
0 otherwise. For an arbitrary change in orientation repre-
sented by the direction cosines CBA, the virtual rotation is
defined as

dCBA = - CBA

The generalized coordinates for the eigenproblem associ-
ated with a dynamic system represent infinitesimal perturba-
tions about a set of steady-state values. The dynamic, transla-
tional generalized coordinates used in GRASP are Rp-*F>. Since
the perturbations are infinitesimal, the rotational generalized
coordinates can be associated with the measure numbers of a
rotation vector 0£<F/. The direction cosine matrix associated
with these generalized coordinates is then

CF"F' = A - (7)

(6)

The redundant frame generalized coordinates that appear
when a connection is made between two frames are eliminated
by frame constraints. In addition, frame constraints establish
the position, orientation, and motion of the child frame rela-
tive to its parent. Therefore, they also participate in the calcu-
lations of frame inertial motion.

To obtain the contributions of frame generalized coordi-
nates to the virtual work, virtual displacements of the frame
generalized coordinates are required. The virtual displace-
ments are just variations of the steady-state problem transla-
tional and the eigenproblem translational generalized coordi-
nates. The virtual work associated with the steady-state
problem rotational and the dynamics problem rotational gen-
eralized coordinates must be treated somewhat differently.10

The virtual work is the dot product of the moment and a
virtual rotation vector, the measure numbers of which are
d\l/p"F for d\l/F»F for the steady-state problem and eigenprob-
lem, respectively.

Nodes
The derivation of the equations of motion for a structure

rely heavily on the finite-element method. Just as finite ele-
ments are used to discretize the solution field for a complete
structure, nodes are used to discretize the solution field for an
element. Instead of attempting to solve for the complete ele-
ment field, nodes are used to define generalized coordinates
that approximate the field in the vicinity of the node. GRASP
currently supports two types of nodes: structural nodes that
define the displacement fields in structural elements, and air
nodes that define the airflow fields associated with helicopter
rotors.15 As an example of the implementation of a node,
consider the GRASP structural node.

The structural node is designed to model displacement fields
that are characterized by small strains, but large displacements
and rotations. The displacements are represented by the three
traditional translational generalized coordinates. However,
the usual approach of taking small rotations about the basis
vectors as generalized coordinates is not appropriate for repre-
senting large rotations. Therefore, the three rotational gener-
alized coordinates are defined to be the Euler-Rodrigues
parameters that specify the orientation of the node after de-
formation. This set of generalized coordinates is equivalent to
the set of generalized coordinates that specify the motion of an
infinitesimal, massless, rigid body that occupies the material
point associated with the node.

The generalized coordinates for a structural node are, there-
fore, analogous to the generalized coordinates for a frame of
reference. The translational generalized coordinates used in
GRASP for the steady-state problem and eigenproblem are
R$jNand RN"^', respectively. The rotational generalized coor-
dinates for the steady-state problem and the eigenproblem are
(t)^'.Nand ON";**', respectively. The virtual displacements associ-
ated with the translational generalized coordinates are simply
variations of the translational generalized coordinates; d\l/^'.N
and d\l/n"N' are the virtual rotations associated with the rota-
tional generalized coordinates for the steady-state problem
and eigenproblem, respectively.

Elements
The finite-element basis of the methodology described in

Ref. 10 encourages the developer of an analysis to include a
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library of finite elements in his program. After a description
of how the equations for any general element are derived, the
derivation of the equations for a specific element, the GRASP
aeroelastic beam element, will be discussed.

Element Equations
The first step in the derivation of the equations for a finite

element involves selecting a set of generalized coordinates that
discretize the internal displacements of the element. Since the
element displacements are also represented by nodal coordi-
nates, a transformation between the nodal coordinates and
element generalized coordinates must be defined. In the case
of an element like a rigid-body mass element, these two steps
are trivial, since the nodal coordinates are usually chosen to be
identical to the element generalized coordinates.

Assuming that the equations are to be derived using the
principle of virtual work, expressions for the virtual work of
the internal, body, and surface forces are derived. The internal
forces arise from deformations of the element itself, whereas
the body and surface forces are imposed on the element from
outside sources. A rigid-body mass element, for example, is
normally subject only to inertial and gravitational body
forces.

Once all of the individual contributions to the virtual work
have been derived, they are assembled into one complete
expression for the virtual work. The equations of motion are
then extracted from that statement of virtual work.

Aeroelastic Beam Element
As an example of the derivation of the equations for an

element, consider the aeroelastic beam element that has been
implemented in GRASP. It is the most general element cur-
rently included in the GRASP element library, and is used to
model slender beams undergoing small strains and large rota-
tions. In the derivation, shear deformation and in-plane dis-
tortion of the cross section are ignored. Although warping
rigidity is also ignored, all other effects of warping have been
retained. The nonlinear beam kinematics for this type of
element have been formulated and applied to the dynamic
analysis of a pretwisted, rotating, beam element in Ref. 16.

The generalized coordinates of the aeroelastic beam element
(Fig. 1) are carried by a frame of reference F, two structural
nodes R and T, and an air node A. The axes of both the frame
and the root structural node originate at the shear center of the
root-end cross section, and are oriented along the cross-sec-
tion principal axes. Similarly, the tip structural-node axes
originate at the shear center of the tip-end cross section, and
are oriented along the cross-section principal axes. The air
node axes originate on the flowfield axis of symmetry, and are
oriented such that the 1-axis lies along the axis of symmetry.

Spatial Discretization
The interior displacements of the beam are represented by

four functions of the axial coordinate Jt3: Uj and 03. Bending is

described by 1/1 and «2, axial displacement by u3, and torsion
by 63. These functions are discretized in terms of standard
cubic and linear polynomials so that the generalized coordi-
nates at the root and tip of the beam can be related to the
nodal displacements and rotations. In addition, however,
there are also generalized coordinates, termed internal degrees
of freedom, associated with higher-order polynomials.

The variables «/ and 03 are expanded in a set of polynomials
based on Ref. 17. The "CO" functions (u3 and 03) are ex-
panded in terms of \l/f(x) where x = x3/L All functions after
the first two standard linear functions are orthonormalized.
The "Cl" functions ua are expanded in terms of /3/(jt). Simi-
larly, all functions after the first four standard cubic functions
are orthonormalized.

Transformation of Coordinates
Since structural nodes at the root and tip of the beam

element have a different set of generalized coordinates than
those of the element itself, it is necessary to calculate the beam
generalized coordinates in terms of the nodal displacements
and rotational variables at both the root and tip of the beam.
In general, the beam generalized coordinates are functions of
the nodal displacements and the orientation of the tip node
relative to the root node.

In addition to the transformation of the nodal coordinates
to beam generalized coordinates, the generalized forces associ-
ated with the beam generalized coordinates must be trans-
formed into the forces and moments at the root and tip nodes.
For the steady-state problem, the transformation is straight-
forward, but tedious. However, for the dynamics equations of
motion, the transformation contributes additional geometric
stiffness terms at both the root and tip of the beam. These
terms arise because the transformation equations, which must
also be perturbed, depend on the nodal coordinates.

Elasticity
The elastic equations for the beam16 are based on the varia-

tion of the strain energy

dU=

where

(8)

(9a)

(9b)

- 0')2

and where 0(*3) is the pretwist angle, with 0(0) = 0, and
( )' = d( )/dx3. The components of the curvature vector K/
depend nonlinearly on u^ and 03, and the extension of the
elastic axis e33 depends nonlinearly on u \ . After integrating
over the cross-sectional area, we obtain the variation of the
strain energy as

dU= (10)

Fig. 1 Deformed positions and orientations of the aeroelastic beam
element relative to its initial state.

where F3, MI, M2, and M3 are the stress resultants, which can
be expressed in terms of e33 and K/ .

Inertial '/Gravitational
The generalized forces due to the motion of the aeroelastic

beam relative to an inertial frame are also derived following
Ref. 16. This portion of the derivation, which ignores warp-
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ZERO-LIFT LINE
The applied force on the beam is assumed to be

Fig. 2 Coordinate systems for the aeroelastic beam aerodynamics.

ing, is based on the work done by inertial and gravitational
forces acting through a virtual displacement. The virtual work
is then

=\ (bup • Fp

o

(Mp + RPF x (11)

where Fp and Mp are, respectively, the inertial and gravita-
tional forces and moments associated with a generic point P
along the beam axis, RPF is the position of that point relative
to the element frame, dup and b\f/p are the virtual displacement
and virtual rotation at that point, and buF and d\[f are the
virtual displacement and virtual rotation of the frame.

Aerodynamics
The aerodynamic forces acting on the aeroelastic beam

element are determined from a quasisteady adaptation of
Greenberg's thin-airfoil theory.18 Two new sets of coordinate
axes must be introduced for the purpose of defining the direc-
tions in which the aerodynamic forces and pitching moment
act. In Fig. 2, and Z axes are shown to be a set of dextral axes
associated with the zero-lift line for the airfoil section. The
other set of axes is called the wind axes W'. For these axes the
base vector bw^ is identical to bZr The base vector bw^ is along
the relative wind vector (in the direction of drag), and bWl is
in the direction of lift. As with other axes, these axes convect
with the local beam cross section during deformation.

The aerodynamic forces and pitching moment act at the
aerodynamic center Q (which is assumed to be the quarter-
chord). The offset position of Q relative to the origin of the
local principal axes P is R§pbZr The dynamic wind velocity
vector at the aerodynamic center denoted by WQ" is calculated
by subtracting the inertial structural velocity at Q " from the
inertial air velocity at Q ".

The angle of attack is determined from

(12)

(13)

(14)

Both the relative wind velocity and the angle of attack are
time-dependent quantities that depend on the kinematical
variables for the aeroelastic beam element, including frame
motion and induced inflow velocity degrees of freedom. The
static and dynamic perturbations of these quantities are deter-
mined and used in GRASP in their exact form to calculate the
generalized forces.

The local airflow velocity gradient is expressed as

The relative wind velocity magnitude is given by

and

M =

(15)

(16)

£> = V2PaW2ccd

The governing equations for the components of the aerody-
namic forces and moments are adapted from thin-airfoil
theory with arbitrary lift, drag, and pitching moment coeffi-
cients ch Cd, and cm.

(17a)

(17b)

;2, 070

(17d)

With the assumption that the air exerts a force on the structure
that is equal and opposite to that of the structure on the air,
the virtual work for a dynamic perturbation can be formed as

(18)

where the dSg» and 6T§* are the virtual displacements and
rotation of an element of air relative to the structure, respec-
tively. These virtual displacements and rotations include all of
the kinematical variables for the beam element and degrees of
freedom representing frame motion and dynamic inflow ve-
locity and velocity gradients. The virtual work per unit of
beam element length done by the aerodynamic forces and
pitching moment can then be put into the form of steady-state
generalized forces and linear coefficient matrices for general-
ized accelerations, velocities, and displacements.15

Constraints
Constraints provide the connections among the components

(frames, nodes, and elements) of a model. Just as the element
library contains a variety of elements that model different
pieces of a structure, the constraint library contains a variety
of constraints, each with a specific purpose. Some constraints
connect frames to one another; others connect nodes to one
another. There are also constraints that are used to connect
elements to the rest of the structure. In spite of the diversity in
the functions of the constraints, all of the constraints have
certain features in common. Therefore, it is possible to de-
scribe a general method for deriving constraint equations.
After discussing constraint equations in general, the deriva-
tion of the screw constraint will be presented as an illustration
of the method. The screw constraint was selected as the exam-
ple constraint because it highlights the important role of geo-
metric stiffness in dynamical analyses containing nonlinear
constraints.

Derivation of a General Constraint
In general, a constraint creates dependencies among gener-

alized coordinates. The dependencies are then used to elimi-
nate redundant (dependent) generalized coordinates. In this
way, only the independent generalized coordinates in a model
are involved in the solution process, thus reducing the size of
the solution set. The constraint relationship among general-
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ized coordinates can be written in the general form

(19)

Therefore, the generalized coordinates related to the con-
straint can be partitioned into two sets. And, the set to be
eliminated can be obtained directly from the constraint func-
tions, which only depend on the set to be retained. All of the
generalized coordinates in a subsystem can be obtained using
the constraint relationships to retrieve the eliminated general-
ized coordinates from the retained generalized coordinates.

The virtual work for the generalized coordinates associated
with the constraint is

(20)

While seeking an equilibrium solution, the sum of the general-
ized forces associated with a generalized coordinate may differ
from zero for two reasons. First, equilibrium may not be
satisfied, in which case the residual force is a measure of the
error in the approximate solution. Second, even if the system
is in equilibrium, an individual substructure may not be in
equilibrium. For example, the node that serves as the root of
a beam element may not be in equilibrium at the element level,
but will be in equilibrium at a higher level when the contribu-
tions from all of the other elements connected to that node
have been included.

Taking the variation of Eq. (19) yields

Substituting Eq. (21) into Eq. (20) yields

'= E ^r. ( Qrj + E -TJrQei )
7=1 J \ J /= ! OQrj 7

(21)

(22)

The relationship expressed in Eq. (22) is used to incorporate
the contributions of the generalized forces associated with the
eliminated generalized coordinates into the retained general-
ized forces. During the calculation of residual forces, the
residuals (from the child subsystem) associated with the elimi-
nated generalized coordinates are transformed and added to
the corresponding residuals in the parent subsystem.

The derivation of the constraints for eigenproblem equa-
tions of motion is somewhat more involved. In this case, the
generalized coordinates are assumed to be the sum of an
equilibrium value and an infinitesimal perturbation (i.e.,
q=q + q). Equations (19), (21), and the generalized forces Q
can all be expanded in a Taylor series about the steady-state
value. Noting that Eq. (19) is valid when q-q» expansion of
Eq. (19) yields

(23)

Expansion of Eq. (21) yields

(/=!,.. -A") (24)

Expansion of the generalized force Q, including both elimi-
nated and retained terms, yields

where the linear operator L contains the terms normally asso-
ciated with the mass, damping, and stiffness matrices
-M(d2/d£2)-C(d/dO-^. Note that the minus signs are

present in the definition of L because the generalized force is
generally regarded as positive on the right-hand side of the
dynamical equation, whereas the linear coefficient matrices
are regarded as positive on the left-hand side.

The method used in GRASP to calculate the M, C, and K
matrices associated with a subsystem involves adding the ma-
trices associated with each of its children to the parent ma-
trices. The rows and columns of the child matrices correspond
to all of the generalized coordinates of the child. The con-
straints are used to eliminate dependent generalized coordi-
nates, resulting in matrices whose rows and columns corre-
spond to the retained generalized coordinates of the child. The
elements of these matrices are then transformed into the par-
ent subsystem, and added to those coefficients of the parent
matrices that correspond to the child's independent general-
ized coordinates. The transformations between the parent and
child subsystems are obtained form a statement of virtual
work.

A statement of the virtual work for perturbations about an
equilibrium state may be obtained by substituting Eq. (24),
and the eliminated and retained subsets of Eq. (25) into the
virtual work expression in Eq. (20). After discarding terms of
second order and higher, only a constant term and two first-
order terms in q remain. The constant first term is the same as
Eq. (22) evaluated in the equilibrium state.

The linear second term is

= E (26)

The matrix KG in Eq. (26) represents the geometric stiffness
associated with the constraint. During assembly of the ma-
trices associated with the parent subsystem, GRASP calculates
this geometric stiffness, and adds it to the stiffness matrix for
the parent subsystem. This term is often overlooked, but is
extremely important. For example, a pendulum modeled as a
rigid-body mass and constrained to rotate about an offset axis
using a screw constraint derives all of its stiffness from the
geometric stiffness term that comes from the constraint.

The linear third term is

(27)

Separating the sum over k into partial sums involving only
eliminated or retained generalized coordinates, and substitut-
ing Eq. (23) into Eq. (27) for the eliminated perturbation
coordinates, yields

(28)

The quantity within the parentheses in Eq. (28) can be thought
of as the definition of a new set of M, C, and K matrices that
are expressed in terms of the retained and eliminated parti-
tions of the original matrices. In GRASP, these matrices are
calculated, and their coefficients are added to the coefficients
of the matrices associated with the parent subsystem.

The complete definition of a constraint then follows from
the specification of g. An understanding of the effect of the
constraint in the dynamics, however, cannot be obtained with-
out explicit calculation of the matrix dg/dq and the geometric
stiffness matrix KG.

Screw Constraint
Consider two nodes connected by a mechanism that permits

translation and rotation, as shown in Fig. 3. Specifically, one
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node is permitted to displace relative to the other along an axis
called the screw axis ^cr. The screw axis is fixed in the de-
flected and rotated coordinate systems of both nodes. Also,
one node is permitted to rotate relative to the other about that
same axis. The dependent node (whose generalized coordi-
nates are to be eliminated) is called D, and the independent
node (whose generalized coordinates are to be retained) is
called /. Since the / generalized coordinates are known, a
relation must be derived that expresses the D generalized
coordinates in terms of the / generalized coordinates. To
simplify the algebra, two intermediate nodes S and M (for
"stationary" and "moving") are introduced and placed on
the screw axis, /and S are locked together during deformation
of the substructures to which they are attached, as are D and
M. M and S initially coincide positionally, but may differ in
orientation. R?1, CDI, RBM, and R?1 are assumed to be given.

Steady-State Formulation
For the steady-state problem, the relationships among the

generalized coordinates and the contributions of the force and
moment acting at D' to those at I' must be written. The
displacement and orientation relationships that prescribe the
position and orientation of the dependent node in terms of the
independent node are

D'D _ nD'M'RDD = R1 RIS + RS R*

'D _ QD'M'£M'M' (29)

where M' is a node whose position and orientation relative to
S' is the same as that of M relative to 5. In order to obtain the
component form of the kinematical relation corresponding to
the function g above, the first of Eqs. (29) are written in
component form. Let RM'S' = ueSCT' where u is the screw
displacement and RMS = 0. In the D basis, the position of D'
relative to D is

nD'D _ /^DI/^H'/^<J'S'/^<S'M'/^<M'M'/^>M'D' nD'M'
£\.f) —— **-' V_x ^_x V_x ^ \_x -£\£)'

-RBM+CDICn'Crs> uel? + CDI

(Cn'R?,'r + R}'1 - R?1) (30)

The equations may be simplified somewhat since CIS =
crs' = CD'M' = CDM = A Also> CM'M' may be conveniently

expressed as an Euler rotation, where 6 is the screw rotation,
and the unit vector about which the rotation occurs is
e^T' = CM*'. The second of Eqs. (29) is implemented such that
each of the direction cosine arrays on the right-hand side is
determined first. All of the direction cosine arrays are given in
terms of the geometrical parameters for the screw except for
QM'M' ^ whicn js known in terms of the screw rotation angle 6,
and C7'7, which is known in terms of the Euler-Rodrigues
parameters for node /. Once CD'D is known, the Euler-Ro-
drigues parameters at D can be calculated.

The generalized forces for this constraint are the compo-
nents of the actual force and moment at / ' and the screw force
and moment. In order to calculate these forces, the virtual
displacement and virtual rotation components must be deter-
mined. The virtual displacement components are the same as
the Lagrangian variation of the vector components:

5Rg'D = CD![5RJ'! - (R?'M' + uefr' + R

+ efl< du + efr'RF'M' 50]

The virtual rotation components are then

iri + efcr' 50)

(31)

(32)

A force and moment at D ' will contribute to the virtual work
at the screw connection (through du and 56) and at / ' (through
R}'1 and <5i/f 7). The virtual work done by FD' and MD' is

bW = + M/>')

5u(e?CT')TFP' 50(e}cr')T(RJ?'M'Fl
D/ M?'} (33)

Clearly, the force components at /' are simply the compo-
nents at D' transformed into the /basis. The moment compo-
nents at /', however, include not only the moment at D'
transformed into the / basis, but also the moment of the force
at D' about /' in the / basis. The screw force is the compo-
nent of the force at D ' along the screw axis of the deformed
structure. Similarly, the screw moment is the component of
the moment at D' along the screw axis, augmented by the
moment of the force at D' about the screw axis.

The dg/dq matrix is then

L
-CDIR?'r CDIefcr' -(

CDI o CDIef (34)

where the columns of the matrix are associated with the varia-
tions of the generalized coordinates 5R}'1, 6^f7 5u, and 50,
and the rows of the matrix are associated with 5R§'D and

Dynamic Formulation
For the case of dynamic perturbations, a relationship simi-

lar to the one governing the generalized coordinates for the
steady-state problem is used to find the matrices dg/dq and
KG. Consider the nodes and the screw axis in their dynamic
states, perturbed infinitesimally from their steady-state posi-
tions and orientations. The equations for the positions are
similar to those for the steady-state case

RD"D' = RD"M" + RM"M" + RM"S" + RS I + R

Using the virtual rotations for the orientations,

(35)

Fig. 3 Schematic of the screw constraint. (36)
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The first, third, fourth, and sixth terms in Eq. (36) are zero.
Proceeding as above and noting that

C1"1' = A - C^B^'C"' = C7//(A - W1' )C"' (37a)

5C/"/' = - C7"7(A - Oi"1' Wf 7'C/7' (37b)

6CM"M" = -Meffi;c**'&f- (37c)

the dg/dq matrix for the dynamics turns out to be the same as
for the steady-state problem (34). It should be noted, however,
that if the choice of coordinate bases for the nodes had been
different (e.g., the basis used for the frames12), the matrix
dg/dq probably would not be the same for both the steady-
state and dynamic formulations.

The geometric stiffness matrix KG is

0 0

2'^scr' rrD' nD'M'^scr'6j — rj Kj £/

0 0

-(R?'M')TeT'
0

(38)

where the columns correspond to the perturbations of the
generalized coordinates Rf"r

f W1 > u, and 0, and the rows
correspond to the variations of the generalized coordinates
bRl"r, dtf'1', du, and 60.

Note that the geometric stiffness matrix in Eq. (38) is not
symmetric. This becomes evident when the 3 x 3 rotation-
rotation term associated with the independent node is exam-
ined:

(39)

The geometric stiffness matrix KG is not symmetric because
of the choice of generalized coordinates for the infinitesimal
rotations, and the choice of virtual generalized coordinates for
the virtual rotations.19 It is easily shown that, for example, the
use of Euler-Rodrigues parameters and their variations leads
to a symmetric geometric stiffness matrix. The choices pre-
sented herein were implemented in GRASP because the terms
in the rows of the matrix equations corresponding to the
virtual rotations are physical moments, whereas the general-
ized forces associated with the variations of Euler-Rodrigues
parameters have no easily identifiable physical significance.

Concluding Remarks
The methodology introduced in Ref. 10 unites the best

features of the finite-element method and multibody dynam-
ics. It combines the flexibility in structural representation
available with finite elements, with the ability to allow large,
discrete motions between portions of the structure. Several
aspects of this approach to structural analysis make it a very
powerful and useful tool.

The basis of this methodology is the decomposition of the
structure into substructures such that discrete motions be-
tween substructures can be accommodated. To take full ad-
vantage of this capability, the decomposition should be ex-
tended to be a hierarchical decomposition of the structure.
Each substructure has associated with it a frame of reference
that defines the position, orientation, and motion of the sub-
structure as it is moving relative to the rest of the structure.

The equations of motion for a structure are assembled from
the equations of motion derived for individual elements. This
assembly process is very similar to that used in traditional
finite-element programs, except that the assembly has to take

place through several levels of the structural hierarchy. Be-
cause of the presence of frames of reference in every subsys-
tem, the element equations include terms that reflect the mo-
tion of the frame. In addition, most elements will include the
nonlinear effects of large rotations, and support deformations
that result in large displacements and rotations. The aeroelas-
tic beam element in GRASP provides good example of the
implementation of such a finite element.

The generalized coordinates of the elements are based on
physical degrees of freedom that are introduced through
nodes. Different types of nodes can be used to introduce
special-purpose sets of generalized coordinates. Thus, like the
element library, a library of nodes can be built to support a
wide variety of applications.

A library of constraints provides a variety of means assem-
bling a structure. Some of these constraints may include
frame-to-frame constraints, node-to-node constraints, frame-
to-node constraints, and constraints that eliminate degrees of
freedom. One of the more powerful constraints incorporated
in GRASP is the screw constraint. The screw can be used by
itself, or to build a variety of gimballed and hinged connec-
tions. Its use in this paper as an example of the implementa-
tion of a constraint also demonstrates the importance of non-
linear effects in modeling that result in geometric stiffness.

Using the features of this methodology as a means of over-
coming many of the limitations of existing rotorcraft stability
analyses, GRASP provides both a nonlinear, steady-state so-
lution and a linearized eigensolution for rotorcraft in axial
flight and ground contact conditions. Solutions obtained from
calculations made with GRASP have thus far been excellent.
Comparisons of GRASP results with experimental results in
the nonlinear analysis of a cantilever beam are reported in
Refs. 9, 16, and 20. Reference 21 reports on the correlation of
GRASP results with experimental data for a torsionally soft
rotor.
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